In this paper, we use the modified reproducing kernel Hilbert space method to approximate the solution of fuzzy differential equations of fractional order. Using this method, we construct a new algorithm to approximate the solution of such differential equations. The proposed algorithm produces solutions in terms of interval-valued fuzzy numbers. Two numerical examples are tested and the results showed that the proposed algorithm is able to produce solutions that approach to the exact solutions. It concludes that the proposed algorithm can be considered as a modern algorithm that complements to the existing ones. c ○2017 All rights reserved.
Introduction
For the last decade, fuzzy differential equations (FDEs) have been studied by many researchers in different approaches [3, 12, 29, 31, 35] . All of these studies aimed to find the solutions of fuzzy differential equations of fractional order. This involves the process of introducing new methods as well as improving the classical methods to solve such differential equations. It is a fact that the improvement of problem solving tools effects directly how we handle the world around us. For instance, in [9] the authors proposed a new algorithm to find multiple solutions of the fractional differential equations. Thus, a further research has to be made to construct new methods, or by improving the existing classical methods direct or indirectly [33, 34] . This paper considers the general form of fuzzy differential equation of fractional order possessing Caputo fractional derivative: where D α c,a,z M(z) is the fractional derivative in the sense of Caputo, 0 < α 1, z > z 0 and M(z 0 ) = (A, B, C) is a fuzzy initial value.
At instance, fuzzy differential equations of fractional order might be very complicated to be solved. Unlike ordinary differential equations, there are a few methods that have been proposed for solving fuzzy differential equations. Many of them are extension from the classical methods (see in [5, 17, 19, 24, 38] ). There are several methods proposed by the authors to solve Eq. (1.1) (see in [4, [6] [7] [8] 26] ).
From the previous studies, it was shown that the reproducing kernel theory (RKT) is popular in solving ordinary differential equations. The RKT was first developed in 1908 by Zaremba [14] . Since then, many modifications have been made. For example, Higgins [22] provided the crucial modification for this method. Furthermore, Mercer [30] improved this theory and demonstrated it on several real life applications.
In the last decades, the RKT has been used by many researchers in solving problems in signal processing, estimation theory, stochastic process, and hybrid wavelet (see in [10, 21, 23, 36] ). Currently, some researchers expanded the application of RKT for finding the solution of fractional problems [1, 2, 11, 28, 37] . From these studies, it is necessary to focus on the application of this method in solving fuzzy differential equation of fractional order. Therefore, in this study we propose a new procedure on solving fuzzy differential equation of fractional order based on RKT.
The rest of this paper is organized as follows. In Section 2, we provide basic concepts of fractional calculus, fuzzy set and the RKT. In Section 3, we propose a new algorithm for approximating the solution of fuzzy differential equation of fractional order. While in Section 4, we present two numerical examples to show the effectiveness of the proposed algorithm. Finally, conclusion will be drawn in the last section.
respectively.
Definition 2.2 ([32]
). The left Caputo fractional derivative is defined as follows.
and ⌊α⌋ α < ⌈α⌉, α ∈ Z + , where the symbol ⌈·⌉ denotes the nearest integer number greater than α and ⌊·⌋ denotes the nearest integer number less than α. While the right Caputo fractional derivative is defined as
The properties of the Caputo fractional derivative [27] is listed below.
We denote the set of all real numbers by R and the space of n-dimensional fuzzy numbers by R n F where
Definition 2.3. Let a fuzzy number u F (z) ∈ R F and r ∈ [0, 1]. The r-cut of u F (z) is the crisp set that contains all elements with degree in u F (z) either greater than or equal to r such that
For fuzzy number u F (z), its r-cut are closed and bounded interval in R and we denoted them by
For more details on r-cut of fuzzy numbers, please see in [13, 15, 16, 25, 39] . Fuzzy numbers are often classified into membership function. One of the most commonly used membership functions is the triangular membership function, or often referred as triangular fuzzy number.
Definition 2.4 ([4]
). A fuzzy number u F is called triangular fuzzy number if its membership function has the following form:
and its r-cut is computed as follows: 
where D α c is the operation that its effective representation is limited to M F (z).
By using Definition 2.3 and the properties of Caputo fractional derivative, we have
Definition 2.6 ([18]
). Let HS be a Hilbert space. Suppose that U y (z) ∈ HS and M(y) ∈ HS satisfy the following condition:
is a reproducing kernel of HS;
(ii) HS is a reproducing kernel space.
Definition 2.7 ([18]). The function space FS
is defined as follows:
Definition 2.8 ([18]
). The inner product space of the function space
and the norm of
Theorem 2.9 ([18]). The function space FS
is a reproducing kernel Hilbert space with reproducing kernel given by
Definition 2.10 ([18]
). The inner product space of the function space FS 2 2 [a, b] is defined as follows:
and the norm of FS 1 2 [a, b] is defined as: 6 , if y > z.
New algorithm for fuzzy differential equations of fractional order
In order to use reproducing kernal theory (RKT) as the tool, we need to homogenize the initial condition in Eq. (1.1). For that, we consider
After the homogenization, Eq. (1.1) can be converted to the following form:
By applying the fuzzy set theory, Eq. (3.1) is converted into the following form:
and Eq. (3.2) is converted into the following form:
From [18] , the reproducing kernel method is employed for solving Eq. (3.4). This includes three main steps that are also used to solve ordinary differential equations. From those steps, we propose the following procedures. 
Therefore, Eq. (3.3) is converted into the following form. 
Additionally, by allowing L ad m,jr e k,m,jr (z) = Ψ k,m,jr (z), we have
Thus, Ψ k,m,jr (z) can be expressed as follows:
From here, we obtain the following result. . iii) For the third step, we construct an orthonormal system Ψ k,m,jr
by using Gram-Schmidt orthogonalization process.
where β kl,m,jr (z) is the orthogonalization coefficient.
From the third step we obtain the following results. 
The third procedure is simplified in the following algorithm. Step 2 : For the values j = 1, 2, follow Steps 3-6.
Step 3 : For k = 1, 2, ..., N, j = 1, 2, d = 1, 2, ..., m, set the values of z, r and ψ k,1,jr d (z) as follows:
•
So, we get the following output
Step 4 : For k = 2, ..., N, s = 1, 2, ..., k, set the values of β, R and d as follows.
Then, we get the following output β ks,1,jr d .
Step 5 : For k = 1, 2, ..., N, we have
Step 6 : For k = 1, 2, ..., N, we set the values for M as follows.
2. Set M * 1,jr (z) = 
By applying fuzzy set theory, we obtain Table 6 shows the results for Example 4.2 at α = 0.8 with the values of r set to be r = 0, r = 0.5 and r = 1. The illustration of the results can be referred in Figures 11, 12 , and 13. It is clear that the solutions create a form of interval which indicates that the solutions are fuzzy numbers. 
Conclusion
In this paper, we have studied the solutions of fuzzy initial value problem for differential equations of integer and fractional order with Caputo derivatives. This has been done by modifying the reproducing kernel Hilbert space. N-term approximation solution is obtained from the method, and it can be further applied widely and more efficiently compared to traditional methods to solve fuzzy initial value problems for differential equations of integer order. This improved method contributes in many ways, such as solving fuzzy system effectively, reduce time for solving problems related to real phenomena and engineering applications.
